ABSTRACT. For a long time, Collatz Conjecture has been assumed to be true, although a formal proof has eluded all efforts to date. In this article, evidence is presented that suggests such an assumption is incorrect. By analysing the stopping times of various Collatz sequences, a pattern emerges that indicates the existence of non-empty sets of integers with stopping times greater than any given integer. This implies the existence of an infinite set of integers with non-finite stopping times, thus indicating the conjecture is false. Furthermore, a simple algorithm is constructed that finds integers with ever-greater stopping times. Such an algorithm does not halt, further supporting the conclusion that the conjecture is false.
INTRODUCTION
Collatz Conjecture, also known as the 3x +1 problem, the Syracuse problem, Kakutani's problem, Hasse's algorithm, and Ulam's problem [2, 3] , concerns a simple arithmetic procedure applied to integers: If an integer n is odd then "multiply by three and add one", while if it is even then "divide by two". Such an operation is described by the Collatz function 3n + 1 if n = 1 (mod 2), (1.1)
n / 2 if n = 0 (mod 2).
The conjecture concerns the behaviour of this function under iteration, starting with any given positive integer n : it is stated that, in all cases, successive iterations of the function C(n) will eventually reach the number 1; thereafter iterations will cycle, taking successive values 1, 4, 2, 1, ...
Although arithmetically simple to describe, Collatz Conjecture remains an unsolved problem which appears to be extremely difficult to prove [2, 3] . As such, it has fascinated mathematicians and non-mathematicians alike. Over the years, it has been studied by mathematicians, physicists and computer scientists, generating hundreds of publications [3, 6] .
This article presents evidence strongly suggesting the conjecture is false. By reformulating the Collatz function C(n), it focuses on the sequences of odd numbers generated by the iterations and the so-called stopping time, s(n),
i.e. the number of iterations (steps) required for C(n) < n. These stopping times build a pattern that implies the existence of non-empty sets of positive integers (n) with stopping times greater than any given integer k, s(n) > k.
This in turn implies the existence of an infinite set of integers with non-finite stopping times.
COLLATZ SEQUENCES
When investigating the behaviour of the Collatz function C(n), it is of value to consider the factors that determine the length of the corresponding Collatz sequences, i.e. the sequences of terms C i (n) generated by the i iterations required to reach firstly their corresponding stopping time s(n), and secondly their subsequent total stopping time s (n), i.e. the number of iterations necessary to reach 1.
It is trivial to observe that, when n is an even integer, s(n) is always 1. Consequently, when studying s(n), it becomes more convenient to consider only odd integers and their corresponding Collatz sequences. Originally used by Crandall [ It is a very simple observation that, for the Collatz Conjecture to be true, it is both necessary and sufficient that all odd positive integers have finite stopping times. This will invariably make all Collatz sequences reach 1. Therefore, an evaluation of the factors affecting the behaviour of the sequences with regard to their stopping times will shed light on the validity of the conjecture.
The first easy observation to be made is that, for all odd integers n =1 (mod 4), stopping times are always s(n) = 1. Since 3n + 1= 0 (mod 4), the first term in the sequence, O 1 (n), will be derived by dividing by at least 2 2 . Therefore, it can be written that O 1 (n) = (3n + 1) /4 = 0.75n + 0.25. Since it can also be written that n = 2p + 1, this makes O 1 (n) = 0.75 (2p + 1) + 0.25 = 1.5p + 1, hence
Alternatively, when the odd integers are n = 3 (mod 4), stopping times are always greater than 1. Since 3n + 1 = 2 (mod 4), the term 3n + 1 can only be divided by a single 2. Hence, O 1 (n) = (3n + 1) /2 = 1.5n + 0.5, and O 1 (n) > n.
The above observations generate an initial pattern in the stopping times for all odd integers, alternating between s(n) = 1 and s(n) > 1: for the first step in the Collatz sequences, 50% of all odd integers reach their stopping times while the other half do not. This suggests that it will be of interest to look into any possible pattern emerging as the sequences progress towards more and more steps. Table 1 shows what happens for the first three steps in the Collatz sequences. The criterion used is to label "+" when the stopping time has been reached, and " _ " when it has not. For the first step, the pattern is "+ _ ", as already explained. For the second step, the table shows the pattern observed for odd integers n = 3 (mod 4), "+ _ _ _ ". Such a pattern is repeated along the number line. For the third step, the pattern found is "+ _ + _ + + _ _ ", which is also repeated along the number line. For step 1, the pattern indicates that the stopping times in the whole number line obey the template found for odd integers n = 1, 3 (mod 2 2 ). For step 2, the same happens for the template of odd integers n = 1, 3, 5, 7, 9, 11, 13, 15 (mod 2 4 ). And for step 3, the corresponding template is set for odd congruences (mod 2 5 ). For subsequent steps, similar patterns emerge, with templates set by the odd congruences mod 2 7 , mod 2 8 , mod 2 10 , mod 2 12 , and so on. To understand the reason behind these patterns, it is necessary to examine the impact that the factors 2 m have on the values of the terms O(n) in (2.1). For this purpose, consider the Collatz sequence of a given example, n = 191, as detailed in Table 2 . As well as the values of O i (n) for every step i up to the stopping time s(n) = 8, the table also includes the values of m i for every step "+": Sequence has reached its stopping time. "-": Sequence still to reach its stopping time.
Step Integer 2s in Accumulated Maximal 2s (third column in the table). The fourth column shows the "accumulated 2s" (Sm i ) down the sequence. These values are compared to the "maximal 2s" (fifth column in the table), i.e. the total number of 2s that would have been required for the sequence to reach its stopping time at that point. Since every term in the sequence is generated multiplying by 3 (and adding 1) and dividing by 2 mi , the stopping time will be reached when 3 i < 2 Smi . In the example used in the table, this happens after 8 steps, when the accumulated total of 2s reaches (or exceeds) the maximal number of 2s required for 3 i < 2 Smi . In general, if s(n) = x, the required total of accumulated 2s, Smi = y, will be determined by
In the example used in Table 2 , x = 8 and y = 13. The sixth column in the table shows the "2s deficit", i.e. the difference between the maximal total of 2s required to reach the stopping time and the accumulated 2s. Only when this deficit becomes 0 (or negative) is the stopping time reached. The dynamics of the Collatz sequence highlighted in Table 2 are universal and can be used to explain the patterns described previously (Table 1) . Two simple theorems are sufficient. Proof. The terms of the Collatz sequence for n, O i (n), are as follows:
, it can be concluded that O x (n) < n and, consequently, s(n) = s(n 0 ) = x.
£
In the proof of Theorem 2.1, it should be noted that all the intermediate terms
, since not enough 2s have been eliminated to reach the stopping time. Proof. The terms of the Collatz sequence for n, O i (n), are as follows:
£ Theorems 2.1 and 2.2 are all that is required to explain the patterns found for the stopping times. This means that the templates (mod 2 y ) observed in Table 1 repeat along the number line, not only for steps 1, 2 and 3, but for all subsequent steps. The values of y, as given by (2.2), are directly determined by the stopping times, s(n) = x (see Table 3 ). The patterns generated are a fundamental property of the stopping times and have strong implications for Collatz Conjecture.
CONVERSION RATES
A way of looking into the validity of Collatz Conjecture is to analyse the conversion rates of the Collatz sequences, i.e. the rates at which the stopping times are reached. It has already been proved by others that "almost every" positive integer has a finite stopping time [3, 5] . This suggests that the Collatz sequences will convert from " _ " to "+" (following the convention used in Table 1 ) at a rate high enough to guarantee the eventual and full conversion of ).
all the sequences, so they all have finite stopping times. The periodicity of the patterns described in the previous section permits calculation of the global rate of conversion from one step to the next. Table 4 shows the results obtained from such a calculation. The left-hand side of Table 4 shows how the percentage of sequences still to reach the stopping time decreases gradually as the sequences progress from
Step Unreached stopping % Unreached stopping Non-conversion time (out of total time (out of remaining rate (%) odd numbers) non-stopped sequences) one step to the next. This is, in principle, compatible with the proven fact that "almost every" positive integer has a finite stopping time [3, 5] , since the density of sequences with unreached stopping times decreases apparently towards zero. Figure 1 shows the same results in graphical form. However, the right-hand side of Table 4 tells a different story. The repeated patterns for each step in the the Collatz sequences permit calculation of the rate of conversion from unreached to reached stopping times. These rates are surprisingly low. As a consequence, the rates of non-conversion (i.e. the percentage of sequences still to reach their stopping times) take values in excess of 80% ( Figure 2 shows the same results in graphical form). This means that the total number of sequences with unreached stopping times for each template (mod 2 y ) increases as the sequences progress from one step to the next. The jump from one template to the next (as seen in Table 3 ) is always a factor of 2 or 4, so the conversion rates observed are insufficient to establish a diminishing trend for the unreached stopping times.
The implications of these results for Collatz Conjecture are considerable. They clearly establish the existence, for every step in the sequences (i.e. for every positive integer x), of an infinite set of integers n with stopping times s(n) > x. Assuming that the non-conversion rates recorded in Table 4 and Figure 2 remain at the same level for ever greater values of x, the eventual consequence will be the existence of an infinite set of integers with stopping times greater than any value of x, i.e. non-finite. In other words, Collatz Conjecture will be false. It can be argued that non-conversion rates greater than 50% are to be expected. A number of factors have to be taken into consideration: -The final step of a Collatz sequence that reaches its stopping time will always involve a power of 2 of at least 2 units, i.e. 2 mi = 2 2 , or greater. -The "2s deficit" (as introduced in Table 2 ), carried over by the sequence, will have to be sufficiently small for the last factor 2 mi to reach (or surpass) the maximal value 2 y set by (2.2). -For any step of a Collatz sequence, the value of the corresponding factor 2 mi will be, on average, 2 1 (50% of cases), 2 2 (25%), 2 3 (12.5%), 2 4 (6.3%), 2 5 (3.1%), and so on. This is determined by the prime number factorization of even numbers: 50% of all even numbers are divisible only by 2 1 , 25% are divisible by 2 2 , 12.5% are divisible by 2 3 , and so on. -Consequently, when considering the set of Collatz sequences still to reach the stopping time after a given number of steps, around 50% of the total will face a division by only 2 1 , hence they will remain unable to reach it. -The remaining 50% of sequences will face a division by a higher power of 2, i.e. 25% by 2 2 , 12.5% by 2 3 , and so on. But they will only be able to reach their stopping time if their "2s deficit" is sufficiently small -the fact that the non-conversion rates observed are greater than 80% indicates that less than 20% of sequences satisfy this requirement. These considerations assume that the occurrence of even numbers in the Collatz sequences with the divisibilities by powers of 2 described here is similar to that of the whole set of positive integers. occurrence of powers of 2 (2 mi ) in some selected Collatz sequences, up to their stopping time s (n), or their total stopping time s (n). It can be seen that they are in broad agreement with the theoretical percentages, confirming the validity of the assumption. There are strong reasons to conclude that the non-conversion rates recorded in Table 4 and Figure 2 remain at the same level as the number of steps in the Collatz sequences are increased indefinitely. Hence, it can be deduced that the set of positive integers n with stopping times greater than any given integer x (i.e. non-finite) is infinite in size. This implies Collatz Conjecture is false.
LOOKING FOR COUNTER-EXAMPLES
Although the evidence presented in this article refutes Collatz Conjecture, it is also compatible with previous results regarding the behaviour of the Collatz sequences and their stopping times [3, 5] . It has already been reported that "almost every" positive integer has a finite stopping time [5] . The results presented here are compatible with that statement: as shown in Table 4 and Figure 1 , the total occurrence of sequences with unreached stopping times (as a percentage of all odd integers up to the corresponding modulo 2 y ) decreases gradually as the number of steps increases. Given that modulo 2 y grows exponentially, such a percentage will be expected to reach very low values, approaching zero.
But the non-conversion rates recorded in Table 4 and Figure 2 also imply that the number of integers with stopping times greater than a given integer x actually increases from one modulo 2 y to the next. As already pointed out, the consequence of such a trend is the existence of an infinite set of integers n with stopping times greater than any integer x (i.e. non-finite), hence implying Collatz Conjecture is false.
If the conjecture is false, is it possible to find integers n with a non-finite stopping time, s (n) = ? Although the existence of such integers can be deduced, the answer is probably negative. Not only are such counter-examples likely to be extremely large (the conjecture has already been found to hold true for all n < 20 x 2 58 [5] ), proving that a given integer n has a non-finite stopping time will require to show conclusively that the corresponding Collatz sequence never reaches a point where s (n) < n, something that might not be at all feasible.
Nevertheless, an algorithm was constructed to find integers n with everincreasing stopping times. The following set of instructions was implemented: a) Select a small integer n 0 and examine its Collatz sequence (as in Table 2 h) If at any point in the iterations, none of the three constructed integers n i produces a stopping time greater than that of the preceding integer n i -1 , try constructing a new (three new) integer(s) by selecting the modulo 2 y (step) that immediately precedes (or follows) the step used previously. As before, select the sequence with the greatest stopping time s (n i ) and continue the iterations. Table 6 shows the results obtained by following the algorithm just described, starting with n 0 = 27. Of the 160 iterations used to construct the table, on no occasion was it necessary to look for alternatives to the three newly constructed integers n i + 2 y , n i + 2 x 2 y and n i + 3 x 2 y . The rationale of the algorithm is based on the patterns and rates of nonconversion reported in this article. When the stopping time s (n i ) is reached in a given Collatz sequence, the preceding step holds the key to greater stopping times. If the jump between both steps is a factor of 4, there will be four sequences to consider, corresponding to the integers n i , n i + 2 y , n i + 2 x 2 y and n i + 3 x 2 y . The sequence for n i will have s (n i ) as stopping time. But the remaining three sequences will obey the rates of non-conversion reported in this article, i.e. in excess of 80%. Therefore the probability of at least one of the sequences having a stopping time greater than s (n i ) will be very high. Table 6 validates this assessment. Table 6 also demonstrates the reliability of the algorithm devised to search for greater stopping times. It strongly supports the claim already made in this article that the high rates of non-conversion recorded in Table 4 and Figure 2 are maintained as progress is made towards greater stopping times. If this had not been the case, the algorithm would not have been able to find integers n i with ever greater stopping times s (n i ) as readily as observed. The efficiency of the algorithm does not diminish as it progresses towards more and more iterations -this can be seen in Figure 3 , where the stopping times of Table 6 are plotted against the number of iterations. The implication is that, if left to run indefinitely, the algorithm will never halt.
It must be observed that it is in the nature of this algorithm to use larger and larger integers n i in the search for greater stopping times s (n i ). A linear relationship between s (n i ) and Log 2 (n i ) is also found (see Figure 4) , which can be explained as follows. By rearranging (2.2), it can be written that y Ln2 > x Ln3 where x = s (n i ) and y > Log 2 (n i ). Therefore, s (n i ) > Ln2 Log 2 (n i )
Ln3
The relationship (4.1) can be used to predict the size of n i required for a given stopping time s (n i ) as the algorithm progresses. Since n i grows exponentially, it reaches extremely large values (n 160 in Table 6 has 956 digits). But this does not imply that similar values of s (n) could not be found for integers n i in lowers regions of the number line. Such a possibility is not precluded by the algorithm which, by design, always searches for greater integers n i .
CONCLUSION
For Collatz Conjecture to hold true, it is required that all positive integers have a finite stopping time. But the results recorded in this article strongly suggest this is not the case. The evidence presented here implies the existence of a infinite set of integers with non-finite stopping times. However, such a conclusion does not contradict preceding results [3, 5] , since the set of integers with non-finite stopping times will still amount to an infinitesimal fraction of the total set of natural numbers. To date, no formal proof of Collatz Conjecture has been found. A very simple reason could provide the explanation: the conjecture is false.
